
The difference between the resul ts  of using (4.3) and (4.4) for 0 < T < ~ evidently does not exceed the difference 
for T = ~o. Results of calculations using (4.3) (solid lines) and (4.4) (dashed lines) a re  presented in Fig. 2 for 
7 = 6 ,  y=~o.  

Results  of calculating the forces  and moments  by means of (1.1)-(1.3) (solid lines) and (3.1) and (2.5) 
(dashed lines) a re  presented in Figs.  3 and 4 for a shell element deformed according to the law 

~12 = • = ~22 = 0,  z l i  = ~ 2 2 ,  ~'ii = - ( t /2)  8~2, 

E22 = J, 0 < t ~< ti; e~2 = -- i, t i < t ~ 2t i, 

where  the ,point denotes differentiat ion with respec t  to t. The resul ts  in Fig. 3 cor respond to % = 0.5 and in 
Fig. 4 to • = 5. The calculat ion was pe r fo rmed  for v = 0.3, 7 = 6, tt = 2. In evaluating taft, maf~ by means of 
(1.1)-(1.3) the integrals  were  replaced by Simpson quactratures with 21 sites.  The computation procedure  is 
analogous to that elucidated in [3]. 

The resul ts  in Figs. 2-4,  the calculations for Other shell element s t ra in  paths, and the compar ison  with 
the resul ts  in [3] all show that (3.1) and (2.5) cor respond  sa t i s fac tor i ly  to (1.1)-(1.3), the difference in the r e -  
suits for  T < r not exceeding this difference in the case  of ideal elastoplast ic  shell s t ra in  [3]. 
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S I N G U L A R  S O L U T I O N S  O F  E Q U A T I O N S  O F  S H A L L O W  

S H E L L S  F O R  A C O N C E N T R A T E D  T A N G E N T I A L  L O A D  

V. P .  O l ' s h a n s k i i  UDC539.3 

As we know [1, 2], in the case  of action of concentrated loads the solutions of the shell equations have a 
singular charac te r .  These solutions have been set  up by various methods p r imar i ly  for a normal  concentrated 
force.  An attempt to obtain the fundamental  solutions for a tangential force  lead to very  cumbersome resul ts  
[3]. Below, by the method of Four ie r  integral  t r an s fo rms ,  it was possible to obtain more  compact  solutions 
in the fo rm of power and t r igonomet r ic  se r i e s .  As an addition to the well-known resul ts  in the analysis of 
s ingular i t ies  of the s t r e s s  state in the vicinity of a concentrated source  of radius r ,  it is shown that in addition 
to the tangential forces  increas ing as r -1 for r - -  0, one of the shear  forces  also has a weaker  singulari ty of 
logari thmic form. Asymptot ic  express ions  of the behavior of the fundamental solutions for small  values of the 

argument are  given. 

The analysis  of the elast ic local s t r e s s  s tate  is ca r r i ed  out on the basis of the equations of the theory 
of thin, shallow, isotropic shells. The solution of these equations by means of the two-dimensional  Four ier  
t r ans fo rm,  which is expounded in detail in [3], gives the following values of the components of internal force 

quantities: 

- - 2 X [ i - - v  A 2 - - v - - ' ~ 2 ~  , ( ._t_ ~.-k-, b4as)As+ 
tl = ~ I--T- 1 -t- ----5---- "~ T ai , 1 -- ~ 

-t-(a,--vaa-k- xl +~b'aa)A,],  tz Vs-~[v--V-~x+ 
+ ( v a i  j i-'L~''a,-~oaS) • "A 5 -~-' (va, -- a n t- l + xv''~ o aa}'~ Aa], 

Khar'kov. Transla ted f rom Zhurnal Prikladnoi Metdaaniki Tekhnicheskoi Fiziki, No. 2, pp. 139-144, 
March-Apr i l ,  1978. Original  a r t i c le  submitted Februar~  8, 1977. 
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2X 
txz = - -  X [A 3 - -  vA t - -  (a~ - -  a~) A s + a2AT] , m 1 (t --  ~) a S [a~Bt + vatB~ + 

. 22  [valEt -i- a4B~ (% + va~) Ba] , + (a~ - r  v%) B~], ms --  (l --  "~)/r ' + 

2 X ,  ~ , asBs) ' 

- -  2 X  (a~B s ' a " -- 2X (a~B 7 @ a~B~), qe (l-~.~-)B ~ --,- ~B~), ql --  (1 --  v)/t~ 

(~) 

w h e r e  t l ,  t2, t12 a r e  t a n g e n t i a l  and s h e a r  f o r c e s ;  m~, m2, m12 a r e  the  be nd ing  and t w i s t i n g  m o m e n t s ;  q l ,  q2 
a r e  the  s h e a r  f o r c e s ;  X is the  e x t e r n a l  t a n g e n t i a l  f o r c e  d i r e c t e d  a long  the  l i ne  of  the  p r i n c i p a l  c u r v a t u r e  of  
t he  l a r g e r  r a d i u s ;  R~, R 2 a r e  t he  r a d i i  of c u r v a t u r e  (R 2 _ Rt); u is  P o i s s o n ' s  r a t i o  of the  shei1 m a t e r i a l ;  and h 
is  i t s  t h i c k n e s s .  The  c o e f f i c i e n t s  a t . . . ~  and b t a r e  e x p r e s s e d  in  t e r m s  of  t he  s h e l l  p a r a m e t e r s  by  the  e x p r e s -  
sions 

a 1 = 6 ( i  - -  v) ( t  - -  2)~v + E~) h - 2 R [  2, a~ = 12)~ ~ (1 - -  ~ )  h - 2 R 2  2, 

% =  12 [i-i +2 ~ (t  + 2 ~ v +  ~ )  - -  ()~ + v) ( i  + ~v)] h-2B~ -2, (2) 

t + v  
a4 = - -g- -  ( i  + ~v) - -  (~ + v), % = - -  ( l  - -  ~) 0~ + v) 2 - i ,  

= R2Bi - j ,  b 4 = t2 (1 - -  v2) h-2B~-2, 

and A ; . . . 8 ,  B 1 . . . s  d e n o t e  t w o - d i m e n s i o n a l  F o u r i e r  i n t e g r a l s .  By m e a n s  of the  K r o n e c k e r  s y m b o l  5 j m  they  c a n  
be  w r i t t e n  in t he  f o r m  

c~ 

A~ = 4~ [(~2 + ns)~ + b4(~2 + X~2)21_ ~ {[51~p + ~ 2 ~  ~ + 5~fl ~ + 
- - o o  

+ 5~i~l~S] (~s -4- TI~) s -i- 5~i~ 3 + 5~i~1 ~ + 67~TI a + ~si~l~}e-~(~x+ny)d~dT1, i = ~-----i, 
(3) 

co 

B~ : ~ [(~2 + + b~(~ ~ -t- ~1~)~1 -~  {8~  ~ + 8~j ~ l  4 + 83i ~a~l~ -4- 

-[- 5~-~1 a + ~ 1  - -  i(~ ~ -r- ~1 ~) [ 6 ~  -r- 5 ~ 1  ~ -t- ~sj~l  a -t- figl~a~l]}e-~(~x+nv)d~d~l. 

H e r e  0x,  0y a r e  the  a x e s  of a r e c t a n g u l a r  s y s t e m  o r i e n t e d  s o  tha t  t he  f o r c e  X is  d i r e c t e d  a long  0x and 
the  po in t  of i t s  a p p I i c a t i o n  l i e s  at  the  o r i g i n  of  the  c o o r d i n a t e s .  

T h u s ,  t he  i n v e s t i g a t i o n  of the  l o c a l  s t r e s s  s t a t e  of the  s h e l l  r e d u c e s  to  the  a n a l y s i s  of  t he  e x p r e s s i o n s  (3). 

In t he  fo l lowing  w e  conf ine  o u r s e l v e s  to  the  c a s e  of s h e l l s  of  z e r o  and p o s i t i v e  G a u s s i a n  c u r v a t u r e  fo r  
w h i c h  0 _< X _< 1. W e  c a l c u I a t e  t he  i n t e g r a l  

A,  (x, y) = ~ j j (~ "~'~)i'--~~ i ~  d~d~l" (4) 
- - v o  

W e  go o v e r  to  the  new v a r i a b l e s  ~ = T c o s  ~o, 77 = 7 s i n ~ ,  x = r c o s ~ ,  y = r s i n ~ ,  hav ing  r e p l a c e d  in  (4) the  
p r o d u c t  of  t he  s i n e  and c o s i n e  by the  t r i g o n o m e t r i c  s e r i e s  

sin ~x.. cos rig = 2 _~ ( - -  i) h ]2h+i (~?r) cos (2k - -  t) 0. cos (2k + t) (p, 
h = 0  

in wh ich  J2k+l(z) is the  B e s s e l  funct ion of the f i r s t  kind of  o r d e r  2k + 1. We then  obta in  

~12 ~o 
A 1 (r, O) = 2,u -2  ~ ( - -  1) h cos (2k + 1) 0 S .I [7~:+ b4 (c~ (p + ~ sins (p)21-1 7'J2~+1 (?r) cos 3 qg. cos (2k + t) c~d?dq). 

h = 0  0 0 

{5) 

F o r  t he  c a l c u l a t i o n  of t he  i n n e r  i n t e g r a l  w i th  r e s p e c t  to  7 w e  u s e  the  M e l l i n - B u r n s  r e p r e s e n t a t i o n  of  
B e s s e l  func t ions  [4]: 

ds, - - v < c < l .  
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We have  

(2k+ t +  s) ~o 

i (yr)--~ dyds. 

C-~ {,oo 
L ~4]v,+~ (yr) 1 ~ 2 ' , - s  

s 

V4 + b~ c--i,,~ F I -- 

H e r e  b~ = ba(cos2~v ~ Xsin2~)2; F is  the  g a m m a  function.  Tak ing  into accoun t  the  fac t  tha t  [5] 

0 < p/v < i t  + 1, 

the  c a l c u l a t i o n  of L is  r e d u c e d  to  the i n t e g r a t i o n  on the  c o m p l e x  p l ane  along a s t r a i g h t  l ine p a r a l l e l  to the 
i m a g i n a r y  axis .  Th i s  is e a s i l y  r e a l i z e d ,  s i n c e  the  r e s i d u e s  of g a m m a  funct ions  a r e  l oca t ed  on the  nega t ive  
r e a l  h a l f - a x i s .  A c c o r d i n g  to  the t h e o r y  of r e s i d u e s ,  we  find 

( - - l ' m F ( i + k - - m ' ( r ~ )  2 m - -  rau4-__l  li m ~t X h 

L = --{ X r (m + k + t) cos -~- sin (k----- i ~) r r ~t~0 

X s  r ( m + k + 2 )  r ( m + k + 2 - - ~ ) F ( m + 2 k + 2 ) r ( m + t )  " 
m=0 

Having subst i tu ted the value of L into (5), we c a r r y  out in tegra t ion  with r e s p e c t  to r This is r ea l i zed  by means  
of the e x p r e s s i o n  

n 
aI ' (q+i )  (42~.I--q [z--{i#/'2 F [k . z ~ '  . 

y ( t - - e c o s r  r (k_~ ]T~(q_-- k + 1) ~- \ ~ ]  2 x k - - q , - - q ;  k 1; ~ ) ,  
O 

w h e r e  z = (1 - e 2)-~/2; 2F ~ is a h y p e r g e o m e t r i c  function.  Having  t a k e n  f u r t h e r  the  l im i t  wi th  r e s p e c t  to # ,  we  
ob ta in  the  f inal  r e s u l t  f o r  A i. In an ana logous  m a n n e r  w e  c a l c u l a t e  the  r e m a i n i n g  i n t e g r a l s .  Omi t t ing  the  d e -  
t a i l s ,  we  p r e s e n t  the  r e s u l t s  of  the  ca l cu l a t i ons :  

8 t ~o 
Z A,6s~ = ~ Z ( - -  1)~ [(t 4- 26~7)) T~  (k, r) 4- (36~51 --  36a~1 + 
s=l h=0 

+ 6~6 ~ - -  6as1) T~i (k 4- t ,  r) + ( t  - -  26a~si ) T~i (k 4- 2, r) + (l  - -  5~6~1) X 

X Thi ([ k - -  t 1, r)] (Ch61~,~6j 4- Sh~a47s~), ] = i ,  2 . . .  8; (6) 

s = t  ~=0 

4- (5~1j--3~25i--6347s 4- ~68]) (I)h] (k 4- 2, r) 4- (t0611 4- 26.2ai--26aasg~ 4- &661)X 
X (I)/{) (k 4- 1, r) 4- ( i061i 4- 2&~845, U 4- 66o~) (I)hi (k, r) 4- (561j - -  36~r - -  6,~ + 

• (I k - -  2 I, r)l (C~6~r 4- S~6,,a + ~'~6~,j + ~6s9~), 1 = ~, 2 . . .  9. 

F o r  th is  

Ck = cos (2k 4- i) 0, Sk ---- sin (2k 4- l) 0, 

�9 Ck = 2 (2  - -  6ho ) cos 2k0, Sk = 4 sin 2~43, 

Tk~ = Uh~1234 j 4- Vh~5678j, (I)hj = ~Vh~l~a45 j 4- QhS07s~j, 

and 5 m n . . . j  is  the  g e n e r a l i z e d  K r o n e c k e r  s y m b o l ,  equal  to  uni ty when  two of  i t s  a r b i t r a r y  ind ices  co inc ide  and 

equal  to  z e r o  in the  c o n t r a r y  ca se .  

The  va lues  of the  funct ions  U k,  Vk, Wk follow f r o m  the  r e l a t i o n s  

,~ ( , - -  i~J/: 
6ttUh(],r)  4- fi2!Vk(], r) .~-fi~zW'k(],r) = r ( i ~ i ) \ z . t . t ]  • 

h - t + 8 .  ( -  1) m r (1 F T n -  6~)  r (k - -  .~ + ~lz) 

X ~'~r (5 ' I  r6~l-i-r63Z]8b 2 . . . .  ZO l " ( rn l - k+2- -~ l l )  F ( m - - ] + t - - S u ~ ) X  
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~.[ 2z ~--m-t-52t [ rbl~, 2m [,o mn m.~] 
�9 -5-~ / t on  § t~3l) -4- -4- cos -T 5=~ sin Nlm 

h - - ~ )  \ / t Y 

r52, ~ oo { 2z ~ -m-" - ' l z+62 `  
4. ~ ( - - 1 ) k  [ z - - t ~ J / 2 [ ' 6 1 1  

' s X 
m = 0  

r (m ~- k + 25tZ + 6sl ) 2m'v~h'r2Q~ rr �9 rbt 2z 

+ r (m § k § 26u + 6~t) --  ~p (m § 2k q- 2) --  $ (m § l) --  ~ (m + k + 25~+ 

�9 r a n C k  ~ r a 4 - k  ] ~ ' . r n ~ - k  

m+h+5tl - -52Z 
H m . ~ N  - t  s  s  

2m Z r '(m § + i - F  5xz - -  6=~-- ] - n) r (m-F k-F i - { - " *  
, ] . =  1 

+ 'l'- '2/) P(] + 1) ' (,-- 1~ ~ ~ +  n) r (n+ i + t) r (,~:F i) \ ~ /  [r  + k + t - F S u -  ~ t  - - J  - -  n ) - -  r  + k +  t + ~ , - -  

- -  52l - -  j) -~ lp(m + k ~" I -~  61l - -  521 - -  n) - -  lp (m + k ~t_ t "~c ~l l  - -  62l) ], 

N ~ , . = ~ f ~ ( ] - - m + 5 ~ , ,  - - m + 6 ~ ;  i + i ;  ( z - - t ) / ( z  + l ) ,  

N~, ,  = 2F~(j - -  ra - -  k - -  5~, ~- 5~ ,  - -  ra - -  k - -  5, 4 -F 6-.t; ] + l; ( z - - l ) / ( z  + t ) ) .  

The express ion  Qk(J, r) is obtained f rom Wk(j, r) by dividing the lat ter  by r and replacing F(m + k - 2), 
F(m ~2k ~ - 2 ) , a n d ~ ( m + 2 k + 2 )  in it, respect ively ,  by F ( m + k +  1), F ( m + 2 k +  1 ) , a n d r  1). 

In (7) the notation 

b~ = 1+7~ 1+~, 
" ' 5 - b  ~, z = 2 . y ~ ,  

(7) 

and ,$(z) is the psi-function. 

The fa i r ly  cumbersome  solutions (6), (7) reduce to s imple asymptot ic  express ions  for r - - 0 .  Thus, with 
the proper t ies  of the special  functions [4] just  writ ten,  we find 

A~,2 = ~nr [(2 • i) cos 0 -T cos 301 + 0 (r), 

1 9 A3,a = 8--nr [(" -- t) sin 0 • sin 30] 4- 0 (r), 

A~,8 -- (2 +_ 1) r 1 i ~ 2--i-i ~ cos 0 + O (r3), 32b z j ~  

AT,s = (2 +_ t) r 1 [t [- i .~ sin0 F O ( r ~ )  ' (8) 

5 r  r 
B l = - - 6 - ~ a c ~  B 2 = B  a = - ~ a c o s 0 + O ( r ) ,  

ra 2+ t0~ B 4 --- B~  = - -  ~-~ sin 0 + O (r ) ,  B6 ,  7 = - -  ~ -~- O ( i ) ,  

Bs,9= 2 sin 20 + ~-  sin 40 +O(r~), ~ = 2 1 n r ,  ~ t---V~ 
- - t +  g ~  

F r o m  the asymptot ic  express ions  (8) and the relat ions (1), (2) it follows that at the point of application 
the tangential and shear  forces  tl, t2, tt2 will be infinite. They have singulari t ies  of the o rder  r -t ,  which c o r -  
responds to the known resul ts  [6]. In addition to this, the shear  force ql becomes infinite at r = 0. Its s ingular -  
ity has the o rder  i n r .  The shear  force q2 retains a finite value, depending on the polar  angle, so that on the 
lines of principal  curva ture  it becomes zero.  Also, the bending and twisting moments  ml, m2, m12 are zero  
at the point under consideration.  

The asymptotic  express ions  (8) give the values of the integrals  (.3) in the immediate  vicinity of the point 
of application of the force. The following question ar ises :  How will the solution behave when we move away f rom 
this point. F r o m  a prac t ica l  viewpoint it makes sense  to study the convergence of the solutions obtained for 
values of the argument  b r / 2  < 1, since beyond the limits of these values the s t r e s s  state of the shell depends 
on other fac tors ,  in par t icu lar ,  the boundary conditions, which have not been taken into account in the solution 
of the problem. In addition, in the case of large  values of the argument  the fundamental solution can be r e p r e -  
sented in another form that is more  convenient for numerica l  realization.  An analysis of the dual se r ies  (6), (7) 
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s h o w s  tha t  t he  r a t e  of t h e i r  c o n v e r g e n c e  d e p e n d s  not  on ly  on r ,  but  a l s o  on the  r a t i o  of the  r a d i i  of p r i n c i p a l  
c u r v a t u r e .  Thus ,  fo r  a s p h e r i c a l  s h e l l  k = 1 (z = 1) in  t he  s e r i e s  (6) we  r e t a i n  only t he  t e r m s  to  wh ich  in (7) 
t h e r e  c o r r e s p o n d s  j = 0. S ince  fo r  z = 1, H m  = 0 a n d  N l m  = N2m = 1, t he  in f in i t e  s u m s  (7) a l s o  a r e  s i m p l i f i e d  
and b e c o m e  ana logous  to  e x p a n s i o n s  of  t he  T h o m s o n  func t ions  [4], which ,  as  w e  know, c o n v e r g e  v e r y  r a p i d l y .  
S o m e w h a t  w o r s e  i s  t he  s i t u a t i o n  wi th  the  c o n v e r g e n c e  fo r  s h e l l s  of o t h e r  f o r m s  and ,  e s p e c i a l l y ,  for  a c y l i n -  
d r i c a l  s h e l l ,  when  k = 0, (z - 1 ) / ( z  + 1) = 1. F r o m  (8) i t  is  s e e n  tha t  fo r  ~ - -  0, r r 0 the  i n t e g r a l  A 8 b e c o m e s  
inf in i te .  H o w e v e r ,  t h i s  does  not m a k e  the  f o r c e  t12 in f in i t e ,  s i n c e  l im(a  1 - -a3)  A8 = 0. 

W i t h  r e s p e c t  to  t h e i r  s t r u c t u r e ,  the  s e r i e s  (6) c o n s i s t  of two p a r t s .  The  f i r s t  c o r r e s p o n d s  to  a f in i te  
s u m ,  w h i l e  t h e  s e c o n d  c o r r e s p o n d s  to  an in f in i t e  s u m  wi th  r e s p e c t  to m in (7). In view of the  fac t  tha t  the  
g a m m a  func t ion  is  i n f in i t e  when  i t s  a r g u m e n t  a s s u m e s  a n e g a t i v e  i n t e g e r  va lue ,  the  f i r s t  p a r t  c o n s i s t s  of 
s e v e r a l  s i n g l e  s e r i e s  w i th  r e s p e c t  to  k,  c o r r e s p o n d i n g  to  t h o s e  v a l u e s  of  m fo r  w h i c h  m - j ~ 1 - 52l _> 1. If  
w e  s u m  the  h y p e r g e o m e t r i c  func t ions  e n t e r i n g  t h e r e  a c c o r d i n g  to  the  e x p r e s s i o n  [4] 

~Fl(a,b; c; t) = r(c) r ( c - - a - -  b) 

then we can show that the convergence of these series will not be worse than ~ [F (2k- I)] - i  
h 

rapid. As for the second part, having summed by means of (9) the functions N2m and H m with the doubling ex- 
pression of the gamma function [4] and the inequalities 

r(x § y) > r(x)r(y), $(x, y) < x § y, 

valid for x, y >> 1 taken into account, we find that the dual series for large m and k converge not worse than 

ml (m + 3)I (k - -  I)I r (/~ - -  312) " 

Thus, the solutions (6), (7) remain valid for shells of both positive and zero Ganssian curvature. 

(9) 

, i . e . ,  w i l l  be  v e r y  

1. 

2. 

3. 

4. 

5. 

6. 
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